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ABSTRACT 
Recently Magnus and Neudecker (1979) d erivecl several properties of the so-called 
commutation matrix, i.e. the matrix that maps vet A onto vet A’. Harhvig and Morris 
(1975) studied its characteristic Polynomial, but the formula they obtain is not quite 
correct and unnecessarily complicated. This note derives a new expression for the 
characteristic Polynomial, which is readily applied in numerical examples. 
1. INTRODUCTION 
Let A be an m X n matrix, and A’ its n X m transpose. The well-known 
vet function transforms a matrix one-one into a column vector by stacking its 
columns. 
Several authors (see [l] and [3] and the references therein) have studied 
the unique matrix which, for fixed n and m, maps vet A onto vet A’. 
Following Magnus and Neudecker [3], we call this mn Xmn matrix the 
commutation matrix K,, . K,, performs a useful role in calculations which 
involve Kronecker products and Jacobians; it is also related to several card 
tl+CkS. 
A number of properties of K,, are derived by Magnus and Neudecker 
[3], including formulas for its trace and determinant. Hartwig and Morris [l] 
give an expression for the characteristic polynomial @,,( t ) = det( K,, - Urn,); 
unfortunately, their paper contains several slips and the resulting expression 
is false; a correct and simplified version of their formula is given in Sec. 4.3. 
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A new formula for the characteristic polynomial is derived in Sec. 3. This 
new formula involves far less computational work in numerical applications 
than the corrected version of the result of Hartwig and Morris. 
2. NOTATION AND DEFINITIONS 
We use the following notation and definitions (a, b, k E N): 
(1) aJbiffaisadivisorofb. 
(2) (a, b) is the greatest common divisor of a and b. 
(3) [a, b] is the least common multiple of u and b. 
(4) B/kZ is the residue class ring modulo k. 
(5) (Z/kZ)* is the multiplicative group of all uEZ/kZ with (a, k)=l. 
(6) il_~ is the Mobius function on N, defined by 
if n=l, 
if n is the product of k distinct primes, 
otherwise. 
(7) $J is the Euler function on IV, defined by 
+(n)=#{kJkEN, k<n, (k,n)=l}. 
(8) h is the Carmichael function on N, defined by 
X(n)=min{Z(x’fl (modn) forallxE(Z/nZ)*}. 
3. THE CHARACTERISTIC POLYNOMIAL Q,,(t) OF K,, 
From the definition we have for an arbitrary m X n matrix A 
K ,,,,,vec A =vec A’. (3.1) 
So clearly K,, is a permutation matrix. Every permutation is the product of 
a finite number of disjoint cyclical permutations (cycles). Thus, after a 
suitable renumbering of the base vectors, a permutation matrix is block 
diagonal, where the blocks represent the cycles. If C, is the 2 X 1 matrix of a 
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cycle of length I, we have det(C, - t1,) = ( - l)‘( t’ - 1). Thus the characteris- 
tic polynomial of K,, is 
Q*,(t)=(-1)~II(& (34 
where rr is the number of cycles of length 1 in the permutation K,,. 
To study the cycles of K,, we return to Eq. (3.1). Let A=(aii) with 
i=O,l,..., m-l and i=O,l,..., n-l. Let k=mn-1, and the elements of 
the mn-vectors vet A and vet A’ be numbered 0, 1, . . . , k. Then the element 
a ii has serial number jm + i in vet A and serial number in + j in vet A’. Thus 
the commutation matrix K,, describes the permutation u on (0, 1, . . . , k} 
defined by 
a(jm+i)=in+/=n(jm+i)-i(mn-1) (3.3) 
fori=O,l,..., m-landj=O,l,..,, n-1;i.e. 
u(x) = nx (modk) for x=0,1 ,..., k-l, 
k for x-k. 
(3.4) 
THEOREM. Let 
s=(X) for m,nEN. 
The characteristic polynomial Q,,,,(t) of the commutation matrix K,, is 
@m”(t)=(-l)S(l-t) JJ (l-t’)N(‘), (3.5) 
111. 
where 
and 
Z,=min{ZJn’El (modmn-1)) 
N(Z)=+ ~~(Z/d)(f@-l,mn-1). 
dll 
(3.6) 
(3.7) 
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Proof. From (3.2) and apart from the factor (-l)‘, we need only 
determine the cycles in K,,, which are the cycles in cr. Clearly u(k) = k 
yields a cycle of length 1, which accounts for the factor (1- t) in Qm,. All 
other cycles are determined by the automorphism in Z/kZ given by 
7 : x-mx (mod k) (3.8) 
Note that this mapping is indeed one-one because (n, k) = (n, mn - 1) = 1 
(see e.g. [2, p. 261). Th e same observation implies n E (Z/k Z) *, so 2 * defined 
by (3.6) exists. 
The automorphism T determines cycles of length 1 given by 
{ r,nx,...,n ‘-rx} with Z=min{d)n%=x (modk)} for xEE/kZ. From r’*(x) 
=x for all xEZ/kZ we have 111,. 
For 11 I, we have: XE Z/kZ is an element of a cycle of length d II iff 
(n’ -1)x=0 (mod k). Th’ IS congruence has exactly (n’ - 1, k) solutions (see 
e.g. [2, pp. 26-271). Let the number of cycles of length 1 in 7 be N(Z); then 
the number of elements belonging to cycles of lengths d )I is 
(6Lk)=~dN(d), 
dll 
which is equivalent to (3.7) by the Mobius inversion formula. 
have 
am,(O) = det K,, = ( - l)“, where .s=( y)( 2”) 
according to e.g. [3, p. 3831. 
4. REMARKS 
4.1. 
The trace of K,, is easily seen to be 
(3.9) 
Finally we 
~&WI =N(l)+l=(n-1, mn-1)+1=(n-l,m-1)+1 (4.1) 
(cf. [3, p. 36.51). More generally, we have 
tr KL, = ~ddlv(d)+l=(n’--l,mn-l)+l. (4 -2) 
dll 
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4.2. 
The determinant of K,,, i.e. Q,,,,(O), is not easily obtained straightfor- 
wardly using the disjoint cycles, unless 1, is odd. In the latter case we have, 
because ah I ] I, are odd: each cycle of length I > 1 is the product of an even 
number of interchanges, and so det K,, = 1. In [l] and [3] the result 
det K,, = ( - 1)“) where s- (X) 
is derived from the recursion 
detK,,=(-1) ‘m-li(E)det K,,_l.n, 
This recursion may be proved by writing CT,,,, = a, 0 ui, where the permuta- 
tions ui and us are defined on (0, 1, . . . , k} by 
u,(@z+i)= 
i 
i(m--l)+i for i=O,l,..., m-2, i-O,1 ,..., n-l, 
in+i for i-m-l, i-O,1 ,..., n-l, 
and 
(4.3) 
4~) = 
i 
u~_~,~(x) for x<n(m-1) 
x for r>n(m-1) 
We did not, however, manage to prove directly that 
mn+l+ x N(Z)-( T)( z) (mod2). 
V* 
(4.4 
(4.5) 
4.3. 
Hartwig and Morris [l] derive a more complex and erroneous formula for 
Q> mn. In a corrected and simplified form it would read 
awn(t) =: (- l)m”i(t- 1) a (p) - q+(d)/l(d) 
dlk 
(4.6) 
with Z(d) defined by 
Z(d)=min{Z)n’~l (modd)} (4.7) 
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In numerical applications, (3.5)-(3.7) involve far less computations then 
(4.6)-(4.7). 
5. COMPUTING A PARTICULAR CHARACTERISTIC 
POLYNOMIAL a,,, 
Consider the problem of determining a,,,, for some given m, rr E N. Let 
k= mn - 1. Because all possible lengths of cycles are divisors of 2, = 
min{Z(n’rl (mod k)}, ‘t 1 is useful to determine I, first of all. Unfortunately 
there is no known systematic method to determine 1,: one must proceed by 
trial and error. The following considerations may simplify the computations 
necessary to find I*. 
Writing p for primes, we have (see e.g. [2, pp. 27-351) 
(5.1) 
+(k)=k$(l- t) (extensively tabulated), (5.2) 
A(k)= 
G(k) if k= 1,2,4, p*,Zp” (p>2), 
i+(k) if k=2”, a>3, 
(5.3) 
while for other integers k = k, k, we have 
w=PwJP2H if (k,,k,)=l. (5.4) 
One verifies that for d=dldz the function Z(d), as defined in (4.7), satisfies 
l(d) = I: l(4), W,)] if (d,,d,)=L (5.5) 
and it is easy to see that 
(n’-l,k)=(m’-1,k) for all integers 1. (5.6) 
Once 1 * = Z(k) is found, the computation of a,,,, is straightforward according 
to (3.5), (3.9). 
THE COMMUTATION MATRIX 
6. EXAMPLES 
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6.1. m=15, n=3, 
k=44=4.11; h(4)=$(4)=2 and X(11)=+(11)=10. 
Because 3l z 1 (mod4), Z(4) = 2. 
Because 35s1 (modll) and 3lrl (modll), Z(11)=5. 
So 1, = Z(44) = [Z(4), Z(ll)] = [2,5] = 10. 
We find: 
Z (3’ - 1,44) IN(Z) N(Z) 
1 2 2 2 
2 4 2 1 
5 22 20 4 
10 44 20 2 
Thus the characteristic polynomial is, s being odd: 
&&)= -(1-q3(1-t2)(1-t5)4(1-tr0)2. 
6.2. m= 13, n= 7, 
k=90=32(2x5); h(2~5)=+(2~5)=4 and h(32)=+(32)=6. 
Because 72 s 1 (mod lo), Z(10) = 4. 
Because 73 = 1 (mod9) and 7l s 1 (modg), Z(9) =3. 
So Z,=Z(90)=4x3=12. 
We find: 
1 (7’-190) IN(Z) N(Z) 
1 6 6 6 
2 6 0 0 
3 18 12 4 
4 30 24 6 
6 18 0 0 
12 90 48 4 
Thus the characteristic polynomial is, s being even: 
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We are very grateful to H. W. Lenstra Jr. and G. Laman who suggested 
the use of r and derived (4,s) correctly and independently of Hartwig and 
Morris. 
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